This article deals with the methodology of the kinematic and rigid-body dynamic performance evaluation of the 3UPS-PRU (the underlined P denotes an actuating prismatic joint) parallel robot. The maximum input velocity index, the maximum driving torque index, and the maximum driving power index are formulated based on kinematic and rigid-body dynamic model, the theory of matrix norm and inequality. The physical meanings of the indices are the maximum input velocity, the maximum driving torque, and the maximum driving power, respectively, when the moving platform translates along the z-axis in the maximum linear acceleration a max , rotates about an arbitrary axis in the maximum angular acceleration max , translates along the z-axis in the maximum linear velocity v max , and rotates about an arbitrary axis in the maximum angular velocity v max . Employing the worstcase criterion, the example of the kinematic and rigid-body dynamic performance evaluation of the 3UPS-PRU parallel robot is carried out using the presented indices. It is shown that the distribution trends of the maximum driving torque and the maximum driving power are roughly the same for the 3UPS-PRU parallel robot. The conclusions are provided at the end of the article.
Introduction
Parallel robots have been successfully used in pick-andplace operation with high speed or high acceleration, 1-3 motion simulator with heavy load, 4-6 machine tool with high-precision requirement, [7] [8] [9] and so on. Structure optimization, trajectory planning, and state measurement and control should be carried out in order to achieve an excellent performance. The performance evaluation can provide a reference standard for the above-mentioned work. The performance index can be used in the structure optimization and trajectory planning as the objective function or the constraint function. The performance evaluation for the parallel robot is the issue worthy of study.
Performance evaluation of a parallel robot can be implemented through experimental testing, software simulation, and theoretical computation. There are respective advantages for the above-mentioned technique. Performance evaluation through theoretical computation can provide a general evaluation methodology and a reference to the design for the parallel robots. Many investigations have been carried out on the kinematic performance evaluation and the rigid-body dynamic performance evaluation. The criteria used for the kinematic performance evaluation of the parallel robots are usually isotropy, [10] [11] [12] [13] manipulability, 14, 15 transmission, 16, 17 work space, 10, [18] [19] [20] [21] [22] singularity, 17, [20] [21] [22] and so on. Due to the generalized dual relationship between kinematics and statics, some kinematic performance indices can be redefined and used for the evaluation of static property. The definitions of some kinematic performance indices are based on the Jacobian matrices. The Jacobian matrix represents the linear relationship between the velocity vector of the moving platform and the joint velocity vector. The Jacobian matrix will be amplified in equal proportion if the parallel robot is amplified. This will bring difficult for performance evaluation through the kinematic performance index whose definition is based on the Jacobian matrix. For the parallel robot with symmetrical structure, the kinematic performance index may take no effect when the end effector is on the centerline of the work space. 17 The criteria used for the rigid-body dynamic performance evaluation of the parallel robots are usually balance, [23] [24] [25] dynamic isotropy, 26, 27 torque index, 3,28-31 power index, 3, 30, 31 natural frequency, 2,28,32 dynamic response, 33 power requirement, 14, 31, 34, 35 energy efficiency, [36] [37] [38] [39] and so on. Zhao 3, 31 introduced a torque index and a power index considering the acceleration component of torque, the velocity component of torque, and the gravity component of torque in the rigid-body dynamic model. In addition, stiffness criteria [40] [41] [42] [43] and accuracy criteria [44] [45] [46] [47] [48] are also used for the performance evaluation or design of the parallel robots. Performance evaluation of a parallel robot is a multicriteria problem. There is no index that can evaluate the performance of the parallel robot from all standpoints. 17 For a specific parallel robot, the performance evaluation should be carried out by adopting the appropriate index while considering the application. The studied 3UPS-PRU parallel mechanism is used to build a hyper-redundant robot. The maximum linear velocity, the maximum angular velocity, the maximum linear acceleration, and the maximum angular acceleration should be considered simultaneously in the performance evaluation in order to achieve an excellent kinematic and rigid-body dynamic characteristic.
The aim of this article is to present a work on the kinematic and rigid-body dynamic performance evaluation of a 3UPS-PRU parallel robot. The maximum input velocity index, the maximum driving torque index, and the maximum driving power index are presented by the theory of matrix norm and inequality. The kinematic and rigid-body dynamic performance evaluation of the 3UPS-PRU parallel robot has been carried out by using the presented indices.
The article is organized as follows: The 3UPS-PRU parallel robot is explained in the second section. The kinematic and rigid-body dynamic model is provided in the third section. Performance evaluation of the 3UPS-PRU parallel robot is investigated in the fourth section. Example is illustrated in the fifth section. The final section gives the conclusions.
3UPS-PRU parallel robot
The 3UPS-PRU parallel robot is shown in Figure 1 . The parallel robot is composed of a base platform connected with the moving platform through three external identical UPS limbs and one central PRU limb. All the limbs are driven by the prismatic joint. The central PRU limb is fixed on the base platform. Here, the P, R, U, and S represent, respectively, a prismatic, revolute, universal, and spherical joint. The underlined P denotes an actuating prismatic joint driven by a servomotor. There are three rotational and one translational degrees of freedom for the moving platform due to the proper constraints of the central limb and the three external limbs.
In order to set up the rigid-body dynamic model, the following coordinate systems are defined as shown in Figure 1 . The reference coordinate system B 0 À xyz is attached to the center of the base platform, and the moving coordinate system A 0 À uvw is located at the centroid of the moving platform. The orientation of the moving platform can be described by a rotation matrix B 0 R A 0 that can be defined by the parameters of roll, pitch, and yaw angle, namely, a rotation of x about the fixed x-axis, a rotation y about the fixed y-axis, and a rotation z about the fixed z-axis.
The angular velocity and acceleration of the moving platform are given by 49 
The local coordinate system B i À x i y i z i associated with the ith limb is defined and shown in Figure 2 for the convenience of the rigid-body dynamic formulation. The orientation of the local coordinate system B i À x i y i z i with respect to the reference coordinate system B 0 À xyz can be described by two angles. It can be thought of as a rotation of i about z-axis resulting in a B i À x 0 i y 0 i z 0 i coordinate system followed by another rotation of ' i about the rotated y 0 i axis. So the rotation matrix can be expressed as
The unit vector along the ith limb in the coordinate system B 0 À xyz is
So the angles i and ' i can be computed as follows
Kinematic and rigid-body dynamic model
Position analysis
As shown in Figure 3 , the closed-loop vector equation associated with the ith limb can be obtained as
where q i , q 0 , w i , w 0 , a i , and b i represent the joint variables of the ith limb and the central limb, the unit vectors along the ith limb and the central limb, the vector A 0 A i , and the vector B 0 B i , respectively. The joint variable of the ith actuating joint can be obtained by taking norms on both sides of equation (7)
Velocity and acceleration of the actuating joint
Taking the derivative of equation (7) with respect to time and then taking the dot product of both sides with w i , we obtain the relationship between the velocity vector of the actuating joint and the velocity vector of the moving platform
The determinant of Jacobian matrix can be achieved by utilizing the theorem of vector operation where ðÁÞ is the mixed product of vectors. If the three free vectors are in the same plane, the mixed product of vectors equals to 0.
Taking the derivative of equation (7) twice with respect to time, taking the dot product of both sides with w i , and then writing in the matrix form, we get the acceleration of the actuating joint
where
_ v and v denote the acceleration along the central limb and the angular acceleration vector of the moving platform, respectively.
Velocity and acceleration of the kinematic limb
The angular velocity of the ith limb described in the coordinate system B i À x i y i z i can be achieved by taking the derivative of equation (7) with respect to time, taking the cross product of both sides with B i w i , and substituting
where SðÁÞ is the screw matrix and J io is the link Jacobian matrix which maps the velocity vector of the moving platform in the task space into the angular velocity of the ith limb described in the coordinate system B i À x i y i z i . Since the central limb is fixed on the base platform, there is only telescopic movement, so we can get
The linear velocity of the center of mass c i1 in the ith limb can be described in the coordinate system B i À x i y i z i as
The central limb is fixed on the base platform, so the linear velocity of the center of mass c 01 is 0, and
The linear velocity of the center of mass c i2 can be described in the coordinate system B i À x i y i z i as
J vc i2 is the link Jacobian matrix which maps the velocity vector of the moving platform in the task space into the linear velocity vector of the center of mass c i2 . For the central limb, there is only telescopic movement, we get
The angular acceleration of the ith limb described in the coordinate system B i À x i y i z i can be achieved by taking the derivative of equation (7) twice with respect to time and
where _ v is the angular acceleration vector of the moving platform. For the central limb, the angular acceleration is
Taking the derivative of equation (22) with respect to time, substituting equation (28) into it and describing the result in the coordinate system B i À x i y i z i , we get the linear acceleration of the center of mass c i1 in the ith limb
For the central limb, the linear acceleration is B 0 _ v c 01 ¼ 0 3Â1 . Taking the derivative of equation (25) with respect to time, substituting equation (28) into it and describing the result in the coordinate system B i À x i y i z i , we obtain the linear acceleration of the center of mass c i2 in the ith limb
There is only telescopic motion for the central limb, so the linear acceleration of the center mass c 02 is
Driving torque 
Zhao Substituting equations (10), (20) , (28)-(31) into equation (32), we can obtain
where τ, τ a , τ v , τ g , and τ e are the total driving torque and the driving torques related to the acceleration, velocity, gravity, and external force components, respectively. And
is the generalized inertia matrix which maps the acceleration of the moving platform into the driving torque.
Driving power
The required driving power of the ith actuating joint can be obtained by
Substituting equation (33) into equation (35), we get
where P ia , P iv , P ig , and P ie are the respective driving powers of the ith actuating joint related to the acceleration component of torque, velocity component of torque, gravity component of torque, and external force component of torque.
Performance evaluation

Velocity transmission index
From equations (9) and (13), the maximum input velocity of the actuating joint can be obtained when the moving platform translates along z-axis with the maximum linear velocity v max
where jj Á jj 1 is infinite norm of the vector. When the moving platform rotates about x-, y-, and z-axes in the maximum angular velocity o ix max , o iy max , and o iz max , respectively, the maximum input velocities of the actuating joints are _ q rx max ¼ jo x max jjjJ e1 jj 1 (38) _ q ry max ¼ jo y max jjjJ e2 jj 1 (39)
When the moving platform rotates about an arbitrary axis in the maximum angular velocity o max , it can be described as
From the theory of matrix norm and inequality, the maximum input velocity of the actuating joint can be obtained when the moving platform rotates in the maximum angular velocity o max
where j Á j is the absolute value. When the maximum linear velocity and the maximum angular velocity of the moving platform are v max and o max , respectively, the maximum input velocity of the actuating joint can be obtained as
Driving torque index
Driving torques related to the acceleration. From equation (33) , the driving torque related to the acceleration can be obtained when the moving platform translates along or rotates about the axes in the unit acceleration τ ja ¼Mχ j j ¼ 0; 1; 2; 3 (49) where
When the moving platform translates along the z-axis in the maximum linear acceleration a max , the maximum driving torque related to the acceleration is τ ta max ¼ ja max jjjτ 0a jj 1 (54)
When the moving platform rotates about the x-, y-, and z-axes in the maximum angular acceleration x max , y max , and z max , respectively, the maximum driving torques related to the acceleration can be obtained as
If the moving platform rotates about an arbitrary axis in the maximum angular acceleration max , then the acceleration can be expressed as
From the theory of matrix norm and inequality, the maximum driving torque related to the acceleration can be achieved when the moving platform rotates about an arbitrary axis in the maximum angular acceleration max kτ r i max k 1 ¼ jjj 1 max τ 1a j þ j 2 max τ 2a j þ j 3 max τ 3a jjj 1 ðj 1 max jjjτ 1a jj 1 þ 2 max jjτ 2a jj 1 þ 3 max jjτ 3a jj 1 Þ ffiffiffi 3 p maxðj max jjjτ 1a jj 1 ; j max jjjτ 2a jj 1 ; j max jjjτ 3a jj 1 Þ ¼ ffiffiffi 3 p j max j maxðjjτ 1a jj 1 ; jjτ 2a jj 1 ; jjτ 3a jj 1 Þ ¼ τ r max (61)
When the moving platform translates along the z-axis in the maximum linear acceleration a max and rotates about an arbitrary axis in the maximum angular acceleration max , the probable maximum driving torque related to the acceleration can be achieved as jjτ tr jj 1 ¼ jjja max jjτ 0a j þ j 1 max τ 1a j þ j 2 max τ 2a j þj 3 max τ 3a jjj 1 maxðkj ffiffiffi 3 p max τ ja j þ ja max τ 0a jk 1 Þ j¼1;2;3 ¼ τ a max (62)
Driving torques related to the velocity. From equation (33) , when the moving platform translates along the z-axis or rotates about the x-, y-, and z-axes in the unit velocity, respectively, the driving torques related to the velocity can be obtained
When the moving platform translates along the z-axis in the maximum linear velocity v max , the maximum driving torque related to the velocity is
When the moving platform rotates about the x-, y-, and z-axes in the maximum angular velocity o x max , o y max , and o z max , respectively, the maximum driving torques related to the velocity can be obtained as
If the moving platform rotates about an arbitrary axis in the maximum angular velocity o max , the probable maximum driving torque related to the velocity can be achieved as
When the moving platform translates along the z-axis in the maximum linear velocity v max and rotates about an arbitrary axis in the maximum angular velocity v max , the probable maximum driving torque related to the velocity can be obtained by
Driving torques related to the gravity. When the moving platform translates or rotates in the work space, the driving torques related to the gravity can be obtained from equation (33)
Driving torques related to the external forces. When the moving platform translates or rotates in the work space, the driving torques related to the external forces can be obtained from equation (33)
The studied 3UPS-PRU parallel robot is not used for machining operation, the external forces are not considered since the relationship between the external forces and the driving torques is simple.
The maximum driving torque. When the moving platform translates along the z-axis in the maximum linear acceleration a max , rotates about an arbitrary axis in the maximum angular acceleration max , translates along the z-axis in the maximum linear velocity v max , and rotates about an arbitrary axis in the maximum angular velocity v max , the probable maximum driving torque can be achieved as
It is taken as the driving torque index. The maximum driving torque index should be as small as possible to achieve the best input torque characteristic.
Driving power index. When the moving platform translates along the z-axis in the maximum linear acceleration a max , rotates about an arbitrary axis in the maximum angular acceleration max , translates along the z-axis in the maximum linear velocity v max , and rotates about an arbitrary axis in the maximum angular velocity v max , the probable maximum driving power can be achieved as
It is taken as the driving power index. The maximum driving power index should be as small as possible to achieve the best input power characteristic. It should be pointed out that the extreme case criterion is employed in this investigation to evaluate the dynamic performance of the parallel robot since the maximum acceleration and the maximum velocity only occurs in the worst case.
Example
A numerical example is presented in this section. The parameters of the 3UPS-PRU parallel robot are given in Tables 1 to 4 . The distance between the rotation center and the center of mass of the moving platform is r A 0 C ¼ 0:005 m. When the moving platform translates along the z-axis in the maximum linear acceleration a max ¼ 0:15 m=s 2 , rotates about an arbitrary axis in the maximum angular acceleration max ¼ 0:2 rad=s 2 , translates along the z-axis in the maximum linear velocity v max ¼ 0:2 m=s, and rotates about an arbitrary axis in the maximum angular velocity v max ¼ 0:6 rad=s, the distributions of the maximum input velocity, the maximum driving torque, and the maximum driving power of the actuating joint are shown in Figure 4 . The orientation of the moving platform is z ¼ 0:1 rad. The middle layer, the upper layer, and the bottom layer correspond to the cases z ¼ 0:525 m, z ¼ 0:45 m, and z ¼ 0:375 m, respectively. It is shown that the distribution trends of the maximum driving torque and the maximum driving power are roughly the same. It implies that the results are the same when taking the maximum driving torque and the maximum driving power as the objective functions for the structure optimization and trajectory planning. The maximum input velocity, the maximum driving torque, and the maximum driving power when the moving platform is on the bottom layer are smaller than those when the moving platform is on the upper layer. It means that the kinematic and rigid-body dynamic performance measured from the point of the input velocity, the driving torque, and the driving power is best when the moving platform is on the bottom layer. This can help us to select the central position of the workspace when the structure parameters of the parallel mechanism are assigned.
Conclusions
The performance evaluation of the 3UPS-PRU parallel robot is presented in this article. The following conclusions can be drawn:
1. The maximum input velocity index, the maximum driving torque index, and the maximum driving power index are presented by the theory of matrix norm and inequality. The physical meanings of the indices are the maximum input velocity, the maximum driving torque, and the maximum driving power, respectively, when the moving platform translates along the z-axis in the maximum linear acceleration a max , rotates about an arbitrary axis in the maximum angular acceleration max , translates along the z-axis in the maximum linear velocity v max , and rotates about an arbitrary axis in the maximum angular velocity v max . 2. The kinematic and rigid-body dynamic performance evaluation of the 3UPS-PRU parallel robot has been carried out using the presented indices. It is shown that the distribution trends of the maximum driving torque and the maximum driving power are roughly the same for the 3UPS-PRU parallel robot. It implies that the results are the same when taking the maximum driving torque and the maximum driving power as the objective functions for the structure optimization and trajectory planning. For the simulation, the kinematic and rigid-body dynamic performance measured from the point of the input velocity, the driving torque, and the driving power is best when the moving platform is on the bottom layer. This will also help us to select the central position of the work space when the structure parameters of the parallel mechanism are assigned.
